SYSTEM OF HARMONIC OSCILATOR UNDER C.E

» Let’s consider a practically independent system of N harmonic oscillators.
One of the best example of canonical ensemble formulation,
The topic serves as the basis of, (a) Theory of black body radiation
(b) Theory of lattice vibrations
Resp. called as S.M of photons and S.M of phonons.
* If the harmonic oscillator is treated classically then it’s total energy is
expressed as,
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SYSTEM OF HARMONIC OSCILATOR UNDER C.E

Let, Q4(B) be the Partition function of single oscillator then,
dp dq

Q.(B) =% [* (e PlHlaip)ly 221 (2)
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SYSTEM OF HARMONIC OSCILATOR UNDER C.E

The partition function of the N — Oscillators can be extended as,

1 KT

Qn(B) = [Q4 (BN (Bhw)N=(m)N e (8)

It is assumed that the Oscillators are “Distinguishable” .

» Helmholtz free energy of the system is expressible as,
KT\N
A= -KTlog[Qn(B)] = KTIog(.hw)

A= NKTIog(E‘.’I).) ................... (5)




SYSTEM OF HARMONIC OSCILATOR UNDER C.E

» Chemical energy,

= ()
= dN V.T

Using eq.5,
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> Pressure, P-= (
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SYSTEM OF HARMONIC OSCILATOR UNDER C.E

> Entropy,
s= &)y
Using eq.5,
S= — C% [—NKTIog (%)] = NKlog (ED + NKT. 2? hli

S= NK[Iog( )+1] ...................




SYSTEM OF HARMONIC OSCILATOR UNDER C.E

» Internal energy,

U=A+TS

KT

U=- NKTIog(hw) + TNK [Iog (KT)

+1]

U = NKT I ()
> Heat capacity,

C,=Cp = =

Using eq. 9

c,=C,=NK | L. (10)




The Statistics of Paramagnetism

* A system of N magnetic dipoles , each having a magnetic moment . In the
presence of an external magnetic field H, the dipoles will experience a torque
tending to align them in the direction of the field.

* Thermal agitation in the system offers resistance to the tendency of alignment
i.e. because of thermal agitation it is difficult to get complete magnetization
(saturation magnetization).

* As T-> 0K, thermal agitation becomes ineffective and the system exhibits a
complete orientation of the dipole moments. While at T-> o<, we approach a
state of randomization which implies a vanishing magnetization.

* At intermediate temperature the process of paramagnetism is governed by
uHy
parameter (KT :



The Statistics of Paramagnetism

* The total energy of all the dipoles is expressible as,
E=YN. L. —pHYY, Cos®; (1)

The PF=Qn(B) = [Q:B®1Y (2)
where, Q;(B) = X, e—B(-uHcose)

* The “mean magnetic moment” M of the system will be the direction of field H
for its magnitude we shall have,

N, p.CosGeB'“lHCOSe

M- = N< u CosO> =
Z H Yo eBHHCosG




The Statistics of Paramagnetism

* The H.F.E. is,
A = -NKT log[Q+(B)] where, Q;(B) = Xq ePHHCos6
. _(9AY __ 9 _0 BuHcos6
= (5n),. = — 50 NKT log[Qu (B)]} = 51 {NKT log[Zq e )
_ NKT Xg BuCoseeBuHcose = NKTB Yo uCoseeBuHCOSG
20 eBuHCOSG Yo eBHHCosG

=N < uCos6> = My

My = — (3_2)1‘ ............... (4)



The Statistics of Paramagnetism

* The single dipole partition function is expressible as,

Qi(B)=[ " [T ePHHCO® singapdp (5)

where, [ [ SinBd0dyp = Solid angle
let, x=BHuCosO
dx = -BHW SinBdO

sinBdo=

BHW
_ 2m Tt e*(—dx) 2T Hucos
Ql(B) fo [f() BHU- ] dop = _Tu [eB - 6]O
n [ePHH_ (BHU -
= I34HH 5 ] = 4TIJ[SU’LhBHu] ............... (6)



The Statistics of Paramagnetism

e Using eq.(4)

M, = N<uCosO© > =N,
M., 1 (A

L g =t ==~ (52) = — = NKT log[Q, (B)])

) 41t SinhBH ) .
co= KT ﬁ{log = [13r|l—IE Il]} = KTﬁ[log 41 + log(SinhBHW) — log(BHW)]

- KT[O + S“;’;ﬁﬁ:ﬁ B — BTlu Bu] - BuKT[ cothBHu — BT1|J i L(BHW) . (7)

where, L(x) = Langevin function

L(x) = [cothx = ;1] , X=BHHW (8)




The Statistics of Paramagnetism

Case 1: for strong magnetic field at very low temperature x >> 1 ,hence L(x)—> 1
the system then acquires a state of magnetic saturation.

L, tendingtou(, 2> L) e (9)

Almost all the dipoles are align in the direction of external magnetic field i.e.
the state of saturation magnetization.

Case2: If field is week & temperature is high i.e. x << 1 then the L(x) is

expressible in terms of series,

X x3

L(X) = E — E o s e, (10)
for small value of x,
X
L{x) =3



The Statistics of Paramagnetism

L(x) = % where, x =BHpL .l (11)
fromeq. (7) , p, = pLx)
H 2
=== (12)
. for lowest approximation,
NoHp?
MZ = NO“'Z = (:)’)KT .................... (13)

where, N, = number of dipoles per unit volume
The high temperature isothermal susceptibility is expressed as,

14 OMz\ _ Nol? _ C
xT—hlIlglO(aH) e ———— (14)

eq.13 is curie law of paramagnetism , and C is curie constant.




Quantum mechanical treatment of Paramagnetism

* The magnetic dipole moment p and its component ., in the direction of field is
Quantized they can not have arbitrary values.

Theli & Iare related as,

T=(\T
i=(g=)v (1)
12 = J(J + 1)h? J=L 32 0r 01,20, (2)
2’2’2
g ﬁ is called gyromagnetic ratio and ‘g’ is called lande’s ‘g’ factor.

**If the net angular momentum of the dipole is due solely to electron spin ,then
g=2.

s*If it is solely due to orbital motion ,then g=1.



Quantum mechanical treatment of Paramagnetism

In general,
_ 3, s(s+1)-L(L+1)
g—z-k 2050 e (3)
From eq.1 & eq.2 we have,
2
2 _ _€ ) 2
H = (g ch) !
2
e
u” = (g%) J2(J + 1h?
2 = gzué(Hl)J ............... (4)
eh . " ”
MR =5 — s the “ Bohr magneton” .

W7 is quantized.



Quantum mechanical treatment of Paramagnetism

Now , Q4(B) can expressed as

U=, P ©
let, Bg]uBH =X e, (7)
Using eq.6 & 7

e X {ew— 1}

X
el —1

Q1(B) = Xye_se T

{e%— e_(zgl)x} sinh{(1+%)x}
Q:(B) = x == T (8)
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Quantum mechanical treatment of Paramagnetism

(2|

+
sinh{ 2—1] x}

.'.a%{log[Ql(B)]}= aiH log(

.. Substitute x = Bg]uBH ,from eq.7

sinh{(1+%) Bg]uBH}>—
sinh{(z—lj) BgJ uBH} _

0

- {10g[Q: (B)]} = o log(

con{(1+2) o] (1+.2) Barug-eon{(2) o] (2) B

- coth[(1 + %) x] . (1 + %) BgJug - coth[(z—lj) x] . (%) BIIHR v (9)



Quantum mechanical treatment of Paramagnetism

. The magnetization, M, = Nj —B pre {|08[Q1(l3)]}

=N {1+ D)o+ )] - (2) com[(2) )

Sy = (g]uB) By(x) (10)

where, By = {(1+2) coth [(1+2) 1] - (2) coth [(2) ]} 11

Bj(x) is “Brillouin function” of the order J.

Case 1.
For x>>1 i.e. for low temperature & High field.
By - 1 i.e.saturation magnetization ... (12)



Quantum mechanical treatment of Paramagnetism

Case 2.
For x<<1 i.e. for high temperature & Low field .

i.e. expression reduce to,

1 1
B=s(1+7)x+— (13)
2 2 2
1 1 gl J+1 g ug JU+1)
So, Mz =(g/ug); (1 + 7) BgJugH = ( 3KTB> (T)H = EKT H
.............. (14)
Curie constant,
Nog®Hp®J/U+D)  p )2
C] - 3K - 3_K ................. (15)



